Abstract. We prove that the degree two map f : S 3 → S 3 , obtained by capping off at infinity an arbitrary sphere eversion S 2 × I → R 3 , is realizable in R 6 , i.e. the composition of f and the standard inclusion S 3 ⊂ R 6 is C 0 -approximable by embeddings. Similarly, eversions of S 6 in R 7 are realizable in R 14 . This refutes some attempts of constructing maps S n → S n , n > 1, non-realizable in R 2n , which is known to be impossible for n = 2, 3, 7. We also show that any odd degree map S n → S n is realizable in R 2n for n > 2, meanwhile for any nonzero even degree generic map f : S n → S n , n = 1, 3, 7, the closure in S n × S n of the set of pairs (x, y) with x = y and f (x) = f (y) is a non-orientable manifold. §3 and [A3] for alternative arguments) proved that if n = 1, 2, 3, 7, every map f : N → M between stably parallelizable n-manifolds is (discretely) realizable in R 2n (by embeddings), that is, the composition of f and some embedding i : M ֒→ R 2n is C 0 ε-approximable by embeddings for each ε > 0. (As long as n > 2, the choice of i does not matter, since topological embeddings are approximable by smooth, and all smooth embeddings have trivial normal bundle.) It is not hard to see that a map f :
Akhmetiev [A1] , [A2] (see §3 and [A3] for alternative arguments) proved that if n = 1, 2, 3, 7, every map f : N → M between stably parallelizable n-manifolds is (discretely) realizable in R 2n (by embeddings), that is, the composition of f and some embedding i : M ֒→ R 2n is C 0 ε-approximable by embeddings for each ε > 0. (As long as n > 2, the choice of i does not matter, since topological embeddings are approximable by smooth, and all smooth embeddings have trivial normal bundle.) It is not hard to see that a map f : S 1 → S 1 is realizable in R 2 iff deg(f ) = 0, 1, −1 [Mc] , [Si] . Maps B n+1 → B n+1 (and, therefore, S n+1 → S n+1 ), n = 3, 7, nonrealizable in R 2n+1 , were constructed in [S1] . An enlightening attempt to find maps S n → S n , n = 3, 7, non-realizable in R 2n , appeared in [A1] , [A2] ; it was not quite successful though, which first became clear from Remark (i) to Lemma 1 below. The candidates were the degree two maps obtained by capping off sphere eversions S n−1 × I → R n (n = 3, 7) of certain type (recalled in §1). Our Proposition 1 states that, actually, none of these maps is realizable in R 2n , and Theorem 2 implies that, moreover, capping off sphere eversions never produces maps, realizable in R 2n . The method, however, does not apply to arbitrary maps S 3 → S 3 . This is surprising, for sphere eversions were indeed the most obvious source of potential counterexamples to the conjecture (implying the affirmative answer to [D; Problem E16] ) that every map S n → S n , n > 1, realizes in R 2n . Max and Banchoff [MB] showed that any eversion of S 2 , regarded as a level-preserving immersion ϕ : S 2 × I R 3 × I, has an odd number of quadruple points (see also [H] , [N] ). By a theorem of Freedman [Fre; Lemma 2] (see also [K; Theorem F(b) ]) this means that after capping off to an immersionφ : S 3 R 4 , we obtain a representative for an element of the stable stem Π 3 with nontrivial Hopf invariant. The double point interpretation of the Hopf invariant due to Koschorke and Sanderson [KS, p. 203] implies (with little care, see Example 2 below) thatφ is not realizable in R 6 . Now if indeed there is a map f : S 3 → S 3 , non-relaizable in R 6 , definitely any
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Typeset by A M S-T E X f : S 3 → S 3 × I ⊂ R 4 , projecting to f , is non-realizable in R 6 ; so we could try to find the desired f by looking at the projections off 's. But some caution is needed.
Example 1. Every map S
n → R n is realizable in R 2n . To see this, it suffices to show that every f : S n → S n such that some p ∈ S n has exactly one preimage q (not necessarily regular), is realizable in R 2n . Indeed, let h : S n \ {q} → R n be a homeomorphism, then g : S n → S n ×R n , defined by g(x) = (f (x), dist(f (x), p)h(x)) for x = q and g(q) = (p, 0), is an embedding.
Definitions. Given f : X → Y , consider Σ f = {(x, y) | x = y, f (x) = f (y)}, which is a closed subset of the deleted productX := X ×X \∆ X . If X and Y are orientable manifolds, and f is generic, then Σ f , which can be thought of as the preimage of ∆ Y under the map f 2 :X → Y × Y , is a closed orientable submanifold ofX. If f is a generic smooth mapping, the set of limit points of Σ f in ∆ X coincides, under the identification ∆ X ∼ = X, with the manifold ∆ f ⊂ X of critical points of f , i.e. those points where df is not of maximal rank. The double point locus
, where τ denotes the factor exchanging involution (x, y) ↔ (y, x) on X × X.
Example 2. We illustrate the notions by showing that any self-transverse immersion f : S n R n+1 , representing (via the Hirsch lemma, cf. [RS] , [Fre] ) an element of the stable stem Π n with nontrivial Hopf invariant (so n must be 1, 3 or 7), is non-realizable in R 2n (with respect to the inclusion i : R n+1 ⊂ R 2n onto the first n + 1 coordinates). By the double point interpretation of the Hopf invariant [KS] , any self-transverse immersionf : S n R 2n , projecting to f along the last n − 1 coordinates, has an odd number of double points. Pick such anf , ε-close to if , and suppose there exists an embedding g : S n ֒→ R 2n , ε-close to if for a sufficiently small ε > 0 (defined below). Since Σf ⊂ Σ f , some connected component C of Σ f /τ contains an odd number of the points of Σf /τ . On the other hand, for any map h : S n → R 2n , ε-close to f , the set Σ h lies in the ε-neighborhood O ε of Σ f ∪ ∆ S n . Hence any generic ε-homotopy H : S n × I → R 2n × I betweenf and g defines a τ -
If ε is small enough, the ε-neighborhood of C is disjoint from the ε-neighborhoods of the other components and of ∆ S n , so the set C ∩ Σf /τ of odd cardinality is null-bordant.
Our starting point is the following Theorem 1. Let M be a stably parallelizable n-manifold, n > 2, and f : S n → M a generic map. Then f is realizable in R 2n iff every τ -invariant connected component of Σ f projects with an even degree onto the first (or second) factor of S n × S n .
The proof, which is more or less in the spirit of Akhmetiev's arguments in [A1] , [A2] , [A3] (and hopefully clarifies them somewhat), is postponed until §3. Note that the condition in Theorem 1 trivially holds if no connected component of Σ f is compact. The reader may find it exciting to verify by inspection that this is the case for the degree two map S 3 → S 3 obtained by capping off Morin's eversion [Fra] .
Example 3. The 2-cover f : S 3 → RP 3 is not realizable in R 6 . For Σ f coincides with the antidiagonal ∇ S 3 = {(x, −x) | x ∈ S 3 } which projects homeomorphically onto the factors of S 3 × S 3 . Similarly, the cover S 7 → RP 7 is not realizable in R 14 .
Detecting ends at double points of compressed double points
The following class of maps S 3 → RP 3 → S 3 was introduced in [A1] , [A2] . Consider an eversion ϕ : S 2 × I → R 3 of the sphere S 2 ⊂ S 3 , passing transversely at t = 1/2 through the double cover of an immersion RP Proof. The Z/4-manifold Σ f is a union of the antidiagonal ∇ S 3 and several other manifolds M i . The intersections of M i and ∇ S 3 in Σ f are desingularized in Σ h by surgeries, so that the resulting component N ⊂ Σ h is compact iff all M i intersecting ∇ S 3 are compact. By considering the point at infinity, N , if compact, projects onto the first factor with degree one, and no other component of Σ h can project with nonzero degree. Thus we only need to determine whether ∇ S 3 and ∆ S 3 are contained in distinct connected components of Σ f ∪ ∆ S 3 . Suppose they are not. Notice that Σ f ∪ ∆ S 3 is a 4-fold cover of Σ g ∪ ∆ RP 3 , namely a restriction of the 4-cover S 3 × S 3 → RP 3 × RP 3 . A path ℓ : R → Σ f \ ∇ S 3 connecting a point ℓ(−∞) = (x, x) ∈ ∆ S 3 to a point ℓ(+∞) = (y, −y) ∈ ∇ S 3 , projects to a path ℓ ′ : R → Σ g connecting the points (p(x), p(x)) and (p(y), p(y)) of ∆ RP 3 . Let p i denote the projection onto the i-th factor of S 3 × S 3 , then p 1 ℓ(R) ∪ {x} ∪ p 2 ℓ(R) is a path from y to −y, so the union of the projections of ℓ ′ onto the factors of RP 3 × RP 3 , compactified by the endpoints, is a loop not null-homotopic in RP 3 . By construction, the image of this loop under g is an arc. This proves necessity; sufficiency follows by the same argument.
Remarks. (i) Since the set of maps satisfying the condition on g has nonempty interior (in the C 0 topology), the parametric C 0 -dense h-principle [G] (see also [RS] ) immediately implies that every symmetric eversion ϕ is regularly homotopic, in the class of symmetric eversions, to a ψ such that f ψ is realizable in R 6 . (ii) Specifically, it is particularly easy to see that Shapiro's symmetric eversion [Fra] (without restricting the choice of the immersion RP 
The fiber of ν(ψ (2) ), at ψp 1 (x) is naturally identified with the Cartesian plane spanned by dψ(v) and dψ(w) where w is obtained from v by means of the walk W from x to τ x along C in the positive direction. The point (1, 1) of this plane is covered by two points a x , a τ x ∈ N (RP 2 ) under g, corresponding to the two sheets containing x and τ x. The walk W induces the counter-clockwise π/2 rotation of the plane, and takes the pair (a x , a τ x ), covering (1, 1), to some pair (b τ x , b x ) covering the point (−1, 1), by a path in Σ g which is mapped by gp 1 into a neighborhood of ψp 1 (C). Note that the sheets have interchanged; the points, however, have not exactly interchanged so far (that is, b x = a x and b τ x = a τ x ). Continue the path by the arc in Σ g mapped by gp 1 onto the line segment in the plane connecting (−1, 1) to (1, 1). Then the composite path carries the pair (a x , a τ x ) through (b τ x , b x ) to (a τ x , a x ), so we have exchibited a path ℓ : I → Σ g such that ℓ(1) = τ ℓ(0). More remarkably, p 1 ℓ(I) ∪ p 2 ℓ(I) intersects the distinguished RP 2 exactly once. Namely, at the moment of time corresponding to the point (0, 1) of the plane, say t = 3 4 , we have p 1 ℓ(
, connects ℓ(1) to (z, z). Letl : R → Σ f denote the composition of the paths ℓ ′ , ℓ and ℓ ′′ . Thenl connects two points of the diagonal, and is such that l = π 1l (R) ∪ π 2l (R) intersects the distinguished RP 2 an odd number of times, for an intersection with π 1l ′ (R) at t ∈ R corresponds to an intersection with π 2l ′′ (R) at −t. Thus l represents the generator of π 1 (RP 3 ) and is mapped by g onto an arc.
Lemma 3. For every symmetric eversion ϕ :
Proof. Consider a pair (x, y) ∈ Σ g . Let p : I → RP 3 be a path connecting x = p(0) to y = p(1) and passing through g −1 (∞) = {p( 1 2 )}. By general position we may assume that gp(0) = gp(1) is the only double point of gp. However, g will not in general be transversal to the knot K = gp(I) ⊂ R 3 , for K has to be tangent with g(∆ g ) at the image of any point of transversal intersection between p(I) and the fold surface ∆ g . So g −1 (K) is a 1-dimensional Z/4-manifold, and since it contains p(I), the points p and q, as well as the point g −1 (∞), belong to the same connected component C of g −1 (K) . Let h : C → K denote the restriction of g, and let χ : S 1 → C be an Eulerian circuit in the graph C (i.e. χ is a surjection with finitely many double points), then hχ is a map between two circles of degree ±1, since the point ∞ ∈ K has precisely one preimage in C. Clearly, Σ hχ contains no compact components, so (x, y) can be connected to some (z, z) ∈ ∆ C ⊂ ∆ RP 3 by a path
Proposition 1. Every map S 3 → S 3 obtained by capping off at infinity a symmetric eversion of S 2 , is realizable in R 6 . Similarly for n = 7.
Proof. It suffices to prove the assertion for eversions ϕ such that g ϕ is generic. Now the case n = 3 is contained in Theorem 1 and Lemmae 1 and 2. The case n = 7 is entirely analogous, except that C will now be any τ -invariant loop in any τ -invariant connected componentĈ of the 5-dimensional Σ ψ (rather thanĈ itself).
Proof. Let g denote f (2) ; we are going to mimic the proof of Lemma 1. By the assumption, there is a path ℓ : R → Σ g , connecting two points of ∆ M/τ , say, ℓ(−∞) = ({a, b}, {a, b}) and ℓ(+∞) = ({c, d}, {c, d}), and such that the union of the projections of ℓ(R) onto the factors of M/τ × M/τ , compactified by the endpoints, represents the nontrivial element of the cokernel. This lifts to a path
and (c, d), meanwhile ℓ 2 = p 2l connects (a, b) and (d, c), moreover the compositions of these two paths with gp = f P 1 = f P 2 coincide, where P 1 , P 2 denote the projections onto the factors of S 3 × S 3 . Hence ℓ 11 = P 1 ℓ 1 : R → S 3 connects a to c, meanwhile ℓ 22 = P 2 ℓ 2 : R → S 3 connects b to c, and of course the compositions of these paths with f coincide. Thus ℓ 11 × ℓ 22 :
Proof. By the well-known construction (see e.g. [KS, p. 202] ), the normal bundle of f (2) admits a section. So the relative controlled Compression Theorem [RS; Addendum (i) on p. 422 to Theorem 4.4] can be applied inductively to the multiple point strata of f . For this inductive argument to work, we must be able, once we know that the k-tuple point locus
f )-parametric family of orthogonal bases of R k so that none of the vectors is orthogonal to a fixed hyperplane. This is clearly possible by general position whenever n−k ≤ k−2. To continue, let Σ
Suppose for simplicity of notation that n is even; then by the same reasoning we may assume that the restriction of f (2) to Σ
is compressible everywhere except a 1-dimensional submanifold Q 1 , and moreover that its restriction to Σ
is compressible everywhere except a 3-dimensional submanifold Q 2 with codension two singularities (that is, Q 2 \ Q 1 is a manifold). Proceeding in the same fashion, we find that without loss f (2) compressibly immerses the complement in Σ
(2) = Σ f to an (n − 5)-dimensional subpolyhedron Q n/2−2 , in other words, the composition of f (2) and the projection is an immersion with codimension three singularities.
Theorem 2. Every map f : S 3 → S 3 such that some regular value has exactly two preimages, is realizable in R 6 . Similarly for n = 7.
Proof. Without loss of generality f is generic, moreover, by the C 0 -dense h-principle for immersions [G] (see also [RS] ), f can be assumed the composition of a selftransverse immersionf : S 3 S 3 × R and the projection. Suppose M is a compact component of Σ f projecting with odd degree onto the first factor of S 3 × S 3 . By Lemma 4, it suffices to show that M/τ contains a loop l not lifting to a loop in M , and mapped by f (2) onto an arc. We will follow the proof of Lemma 2; the role of the distinguished RP 2 ⊂ RP 3 will be played by N/τ ⊂ M/τ , where N = Σf ∩ M . Since M is assumed to project with odd degree onto the first factor of S 3 × S 3 , by the proof of Theorem 1 the double cover η : N → N/τ is such that w 2 1 (η) = 1. In particular, N/τ is non-orientable, and since N ⊂ Σf is orientable, η coincides with the orientation covering.
Let g andḡ denote f (2) | M/τ andf (2) | N/τ respectively. By Lemma 5, the composition ψ : = g| N/τ ofḡ : N/τ S 3 × R and the projection onto S 3 can be assumed an immersion. General position does not guarantee that g immerses a neighborhood of N/τ , for N/τ might transversely intersect the fold surface ∆ g ; their images under g will of course be tangent along the image of their intersection K. Nevertheless, since M/τ is stably parallelizable [A3] (or from Akhmetiev's lemma below), ν M/τ (N/τ ) is stably isomorphic with ν(ψ). Yet these two bundles already agree over the complement to K up to sign, which reverses at K, whence N/τ \ K is disconnected. So K is null-homologous in N/τ , in particular, any loop in N/τ , transversal to K, meets K in an even number of points. C 1 -approximating ψ ′ by an auxiliary self-transverse immersion χ and arguing as in the first paragraph of the proof of Lemma 2, we can find a connected component C of Σ χ ⊂ Σ ψ , invariant under τ . Indeed, suppose c 1 , . . . , c 2k (where c 2i = t * c 2i−1 ) are the duals of the homology classes of the connected components of Σ χ , then
contradicting the above, for ν(χ) is clearly the line bundle associated with the orientation covering. By general position K is transversal to p 1 (C), and therefore intersects p 1 (C) in an even number of points. Now it is easy to check that the argument of Lemma 2 goes through for this C (the path p 1 ℓ(I) ∪ p 2 ℓ(I) in M/τ will now intersect N/τ in an odd number of points, rather than exactly once). Since f maps precisely two poins onto some regular value, f (2) maps precisely one point onto it, so the proof of Lemma 3 works to show that no connected component of Σ g is compact.
This completes the proof in the case of S 3 , and we comment on modifications in the case of S 7 . By Lemma 5, ψ : N/τ → S 7 is an immersion with codimension three singularities. On the other hand, a minute reflection reveals that it would not interfere with our argument above if ψ failed to immerse a codimension two subpolyhedron, except for one trouble: the choice of C ⊂Ĉ (see proof of Proposition 1). For this choice to be possible, χ must immerse p 1 (Σ χ ) with codimension two singularities. To ensure this, the full strength of Lemma 5 is just enough. Finally, the choice ofĈ itself is not a problem, since each pair of indices contributes an even number of mixed terms (namely, the two terms c 
Detecting ends at folds
For f : X → Y , letΣ f stand for the topological closure of Σ f in X × X. As mentioned in §1,Σ f \ Σ f ⊂ ∆ X can be identified with the degeneracy set of the differential df : τ X → τ Y , where τ X and τ Y are regarded as the normal bundles of ∆ X and ∆ Y . ThusΣ f is a closed submanifold of X × X, which can be thought of as the image of Σ df (here df is understood as the map between the total spaces) under the projection τ X ⊂ τ X × τ X → X × X.
. (a) If f has an odd degree, it is realizable in R 2n . (b) If f is a generic map of nonzero even degree, andΣ f is orientable, then f is not realizable in R 2n . (c) If f is generic andΣ f is non-orientable, then f is realizable in R
2n , provided that the composition of f and the inclusion M ⊂ M × R is sufficiently close to a generic g : S n → M × R with connectedΣ g .
Proof.
We make use of the well-known commutative diagram
where S f = {x ∈ S n | f (x) = f (y) for some y = x} denotes the singular set, f (S f ) being the set of double points, and p is the restriction of the projection of S n × S n onto the first factor.
(a). It suffices to consider the case where f is generic. Restricting to a connected component of Σ f , and thinking of S f and f (S f ) as contained in S n and M , we get deg(p) deg(f ) = 2 deg(f (2) ). If f has an odd degree, p must have an even degree on every connected component, and the statement follows.
(b)
. Now suppose f is of nonzero even degree and generic, and thatΣ f is orientable. Then any f -regular point p ∈ M has an even number of point-inverses. Let q be one, then there is an odd number of pairs (q, r) where f (r) = p, r = q. If we can show that the same holds when we restrict p to the union of compact connected components of Σ f , then at least one τ -invariant compact connected component contains an odd number of these pairs, and we are done.
So we prove that any non-compact connected component C of Σ f contains an even number of these pairs. We may enlarge our diagram so as to include the limit points of Σ f in the diagonal. The action of Z/2 is no longer free on the closureC of C, and the quotientC/τ has nonempty boundary. Therefore the composition (p|C ) * f * factors through the trivial group H n (C/τ ), and since deg(f ) = 0, the degree of p|C must be zero, which proves our claim.
(c).
Without loss of generality, f = πg where π : M × R → M is the projection. Suppose that f is not realizable. Then both the non-orientable component ofΣ f and the τ -invariant compact component ofΣ f which projects onto the first factor with an odd degree contain loops l such that l → l/τ is the nontrivial 2-cover. But such an l has to intersect Σ g since [
w 1 (t) by Lemma 6a below.
Remark. Since every map S n → M , where M is a stably parallelizable n-manifold, is realizable in R 2n for n = 1, 3, 7 at the level of two-point configuration spaces (the difficulty for n = 2 is in incompleteness of the deleted product obstruction), see [A3] , we obtain thatΣ f is non-orientable for any such map of nonzero even degree.
Example 4. Figure 1 depicts a degree two map f : To see directly thatΣ f is non-orientable, we notice that there is a path R → Σ f (shown in Fig. 1 ), approaching the same point of the codimension one submanifold Σ f ∩ ∆ S 2 from two different sides inΣ f . Such a path is necessarily orientation reversing by the following Lemma (Akhmetiev). If f : X → Y is a generic map between orientable manifolds, the quotientΣ f /τ is orientable, meanwhile orientation ofΣ f is reversed along every loop inΣ f crossing ∆ X in a single point.
Notice thatΣ f is a two-fold cover ofΣ f /τ branched along the boundary.
Proof. Let us define a local orientation ofΣ f at every regular point (p, q) of the composition χ of the projection X × X → X and f : X → Y (notice that χ is the same map no matter onto which factor we project). We set the orientation at (p, q) to agree with that induced by χ from Y if and only if the orientations of X and Y either agree (via f ) at p and agree at q, or disagree at p and disagree at q. It is easy to check that these local orientations agree on all of Σ f , but reverse each time we pass through ∆ X ∩ Σ f .
Example 5. The suspension f : S 2 → S 2 of the 2-cover S 1 → S 1 , where S 1 is identified with the equator of S 2 and the suspension points with the poles, can be C 1 -approximated by a map g with g(∆ g ) consisting of two hyperbolic triangles, one in the Northern hemisphere and the other in the Southern (the edges are folds and the vertices are cusps, meanwhile the interior of each triangle is covered by 4 sheets). It might be easier to imagine g by first considering a C 0 -approximation h where each Northern cusp of g is cancelled with a Southern one by creating a thin tunnel (framed by two folds) along a meridian. This h can be described as the identity on the complement of three disks, each of which is mapped homeomorphically onto the closure of its complement.
Our goal is to verify by hand that Σ g (as well as Σ h ) is non-orientable. For convenience of notation we assume that g is longitude preserving, that the polar circles are contained in the interiors of the triangles, and that each vertex, but no edge, is between the tropics. The restriction of f to the equator E is a 2-cover, so the intersection ofΣ g with E × E is a circle (consisting of pairs of antipodal points), mapped onto E as a 2-cover by the composition χ of the projection S 2 × S 2 → S 2 and f . The Northern tropic T intersects the interior of the Northern triangle in three arcs. Under g, each of these arcs is covered by three sheets in a Z-shaped fashion (resulting in one fold at each end of the arc) and one additional sheet. ConsequentlyΣ g ∩ (T × T ) consists of 4 connected components, and χ maps one of them onto T with degree two and the others onto the arcs, so that each arc is covered 6 times by the first component, leading to 2 folds and 2 regular points at each end of the arc, and 6 times by its corresponding component, leading to 3 folds at each end of the arc. Thus there are 5 folds in total mapping to the Eastern end of our arc, and as we travel further to the North, they will tend to cancel the 5 folds mapping to the Western end of the arc that is next from ours to the East. Since the same must happen along each edge of the Northern triangle, our 4 components are subject to 15 surgeries before they can reach the North polar circle. Now g is a 4-fold trivial cover over the North polar circle P , soΣ g ∩ (P × P ) is simply 12 circles, each mapping homeomorphically onto N under χ. However, by the reasons of parity, out of fifteen surgeries transforming four circles into twelve, at least one must be non-orientable.
There is a convenient description of the orienting 2-cover ofΣ f in the case where X = X 0 × R, and the smooth generic map f : X → Y is the composition of a regular homotopy ϕ :
denote the preimage of the spherical tangent bundle S(R × R) ⊂ T (R × R) under the differential of the projection X × X → R × R. Consider the restriction of df 2 to the 'phase space'X := T S 1 (X × X) \ ∆ T X , and letΣ f ⊂X denote the preimage of ∆ T Y . Clearly,Σ f is an orientable manifold consisting of all 6-tuples 2 (x, s, ds, y, t, dt) such that (x, s, ds) = (y, t, dt) and ds 2 + dt 2 = 1 (perhaps dx = 0 or dy = 0), moreover f (x, s) = f (y, t) and df (ds) = df (dt). It is easy to see that the projection T S 1 (X × X) → X × X restricts toΣ f as a double cover p :Σ f →Σ f , where each (x, s, y, t) ∈Σ f is covered by (x, s, ds, y, t, dt) and (x, s, −ds, y, t, −dt) for a unique (ds, dt) ∈ S 1 .
Proposition 2. In the notation above, p :Σ f →Σ f is the orienting cover ofΣ f .
Proof. SinceΣ f is orientable, and a loop inΣ f is orientation preserving iff it crosses ∆ X an even number of times (by Akhmetiev's lemma), it suffices to show that p is trivial over Σ f . Indeed, consider a generic loop in Σ f and lift it to a path inΣ f . The point (ds, dt) ∈ S 1 ⊂ R 2 crosses the horizonal axis dt = 0 whenever (x, s) ∈ X crosses ∆ f , which happens an even number of times since X and Y are orientable; similarly for the vertical axis. Hence the path returns to the same sheet where it started.
We conclude this section by mentioning a generalization of Lemma 1 which may be useful in understanding situation beyond the restrictions of Theorem 2.
3 , where p denotes the double cover and g is generic, is realizable in R 6 iff the following two conditions hold: (i) either g maps a nontrivial loop in RP 3 onto an arc, or the components of Σ g , intersecting the diagonal, project onto the first factor of RP 3 × RP 3 so that the sum of the degrees is odd;
(ii) each τ -invariant compact connected component of Σ g projecting with odd degree onto the first factor contains a loop such that exactly one of its projections onto the factors of RP 3 × RP 3 is nontrivial.
Proof. By the proof of Lemma 1, ∇ S 3 ⊂ Σ f gives rise to a compact component N of Σ h , where h is a generic approximation of f , iff g maps no nontrivial loop onto an arc. The second part of the condition (i) ensures that even if N is compact, it projects onto the first factor of S 3 × S 3 with even degree; conversely, the negation of (i) implies that N is compact and projects with odd degree.
Thus it suffices to show that each τ -invariant compact component of Σ h other than N (or, equivalently, each τ -invariant compact manifold component of Σ f ) projects onto S 3 × S 3 with even degree if and only if (ii) holds. Indeed, consider the 4-fold cover of the τ -invariant compact components of Σ g by the τ -invariant compact manifold components of Σ f . A point (p(x), p(y)) ∈ Σ g is covered by the points (x, y), (x, −y), (−x, y) and (−x, −y), which project to the points x and −x on the first factor of S 3 × S 3 . Thus if, say, (x, y) and (x, −y) belong to the same compact manifold component of Σ f (which immediately implies that (−x, y) belongs to the same component as (−x, −y)), this component projects onto the first factor with even degree; otherwise, the two components project with odd degree each. But for (x, y) and (x, −y) to be in the same compact manifold component, there must be a path in this component whose projection onto the first factor is a closed loop, and onto the second factor a path between two antipodal points.
Proof of Theorem 1
Consider again a generic map f : X n → Y n+k between orientable manifolds, and recall the notationX = X × X \ ∆. Let Z T denote the local coefficient system oñ X/τ , associated with the 2-coverX →X/τ ; more precisely, it could be described either as the 0-dimensional Leray sheaf of this cover, or as determined by the Z[Z/2]-module Z[Z/2]/(τ + 1) with respect to the action of Z/2 = τ | 2τ onX. We recall that (co)homology of the quotient P/π of a polyhedron P by a free PL action of a finite group π with coefficents in the local system O M determined by a Zπ-module M is just the homology of the chain complex C * ⊗ Zπ M (resp. Hom Zπ (C * ; M )), where C * denotes the integral chain complex of a π-invariant triangulation of P . Similarly, locally finite homology H 
Remark. Of course, e(η) turns into w 1 (η) once we reduce the coefficients mod 2, which does not lead to any loss of information since e(η) is an element of order two anyway. However, the assertion (b) is strictly stronger than (a), for it tells us that [Σf ] has order two in the (twisted) integral homology.
Notice that ϕ −1 ((Σ f /τ ) × {0}) = Σf and πϕ = η, where π projects (Σ f /τ ) × R onto the first factor. Hence ϕ defines a bundle morphism Λ betweenη and the trivial line bundle ε over Σ f /τ ; moreover, Σf /τ is the set of points where Λ fails to be injective. So the adjoint Λ * yields a section ofη with zero set Σf /τ .
classifying the 2-cover Σ f → Σ f /τ can be represented by the map ϕ, assigning to every unordered pair {x, y} the line through the pointsf (x) andf (y), wheref :
is an embedding (which exists by general position) projecing to f along the second factor. If moreoverf projects tof along the last n − k = d coordinates, the homotopy class of the restriction of ϕ to Σf /τ (whose image is contained in RP d−1 ) classifies the 2-cover Σf → Σf /τ . Hence Σf /τ can be regarded as a transversal preimage of RP d−1 under ϕ, and the statement follows from naturality of -product (using that ] is dual to the (twisted) Euler class of the universal 2-cover
Remarks. (i) Parallel statements to Lemma 6 are implicit in [AS] , [S2] , [A1] - [A4] .
(ii) The geometric argument follows the philosophy of [KS] . (iii) As a motivation for the algebraic argument, we notice that ε is the pullback of
Lemma 7. Let f : N n → M n+k and g : N → M × R i be generic maps between orientable manifolds such that f is ε-close to if , where i denotes the inclusion of
, e = e(ζ) whereζ denotes the line bundle associated with the 2-cover ζ :Ñ →Ñ/τ ; set
Proof. It suffices to consider the case i = 1. Letf : N → M × R be a generic map, ε-close to g and such that f = πf , where π denotes the projection. Then the assertion with g replaced byf follows from Lemma 6. Let H : N ×I → M ×R×I be a generic ε-homotopy betweenf and g. Then Σ H /τ ⊂ O ε × ∆ I yields an embedded bordism between Σf /τ and Σ g /τ . In particular, the homology classes in question coincide. (η) = 0 ∈ H n−k (Σ f /τ ; Z/2). Coversely, suppose the latter holds, then e n−k (η) = 0 ∈ H n−k (Σ f /τ ; Z ⊗k T ) by the remark after Lemma 6. Consider a generic mapf : N n → M × R n−k such that f = πf , where π denotes the projection. By the iterated application of Lemma 6b (as in the proof of Lemma 7), [Σf /τ ] = 0 in the homology of Σ f /τ , hence in that of O ε for every ε > 0 (in the notation of Lemma 7). Now this (twisted) integral homology class is easily identified as the dual of the van Kampen-Skopenkov obstruction to χ : L R 2n−1 × R such that πχ = χ. The advantage ofχ over χ is that it has no additional double points, that is,pχ (2) : Σχ → R 2n−1 coincides withφ : K → R 2n−1 . Finally, by a small deformation ofχ in the first n − 1 coordinates we get a selftransverse immersionχ : L n R 2n such that πpχ = χ. Then Σχ ⊂ Σχ = K, meanwhile Lemma 6a implies that [Σχ] is dual to w n 1 (Σ χ ), so actually [Σχ] is dual to w n 1 (K) . But [Σχ] ∈ H 0 (K; Z/2) = Z/2 is the Hopf invariant of the element of the stable stem, represented by the (framed) immersion χ [KS, p. 203] , so by the Adams theorem it must be trivial whenever n = 1, 3, 7.
Remark. A direct geometric proof of Lemma 8 (in terms of immersions) for n = 15, is given in [AS] (in the case where n + 1 is not a power of 2) and [A4] (in the case n ≡ 7 (mod 8)). This yields a geometric proof, with the exception of the case n = 15, of the Adams theorem on vanishing of the Hopf invariant H : Π n → Z/2. Indeed, H(f ), where f : M n R n+1 is any immersion representing the element of the stable stem Π n , can be defined as w
where C i runs over the connected components of Σ f /τ . (Lemma 6a implies that this is equivalent to the 'double point interpretation' in [KS] .) Corollary (Akhmetiev [A2] ). The limit of any inverse spectrum of stably parallelizable n-manifolds is embeddable in R 2n , provided n = 1, 2, 3, 7.
This follows from [I] ; a context for this result can be found in [Mc] , [DH] and [D; Problem E16 (708) ]. For completeness, we remark that Theorems 2 and 3a similarly imply The author is grateful to P. Akhmetiev and R. Sadykov for useful discussions and to Juan Liu for help in preparation of the illustration.
